
Connec&ons and symbols II 

AT1 
Emmanuel Dupoux 

Cogmaster, 2012 



summary of preceding session 
•  “computa&onal reduc&on” : 

–  reduc&on of unboundedly complex behavior to the combina&on of 
simple ones 
•  simple set of primi&ve processes 
•  finite set of data types  
•  a finite set of opera&ons that combine the primi&ve processes to make more 

complex ones 
–  what computa&onal mechanisms underly complex behaviors (like 

language, reasoning, etc)? 
•  Symbolic IA: (sequen&al & determinis&c) computa&ons with symbols and rules 

–  eg: Turing machines, rewrite rules, finite state automata 

•  Connexionist IA: (parallel & stochas&c) computa&on with (con&nuous valued) 
neurone‐like units 
–  eg: Mul&level Perceptrons, Boltzman machines 

•  The Fodor & Pylyshyn challenge:  
–  (current) connec&onist architectures fail to capture complex behaviors 
–  (future) connec&onist architectures are ‘mere’ implementa&on of 

symbolic architectures 



The Fodor & Pylyshyn argument 

•  mental representa&ons have a cons&tuent structure 
–   they are not atomic or hollis&c but have parts with specific roles 

•  eg: the red cow; cheese or desert, Vx R(x), A‐>B 
–  Some cons&tuents can be recursive 

•  eg:  P. thinks that « M. is nice » ‐> J thinks that « P thinks that « M is nice » » 

•  mental processes are structure sensi&ve 
–  eg: combinatorial seman&cs 

•  seman&cs of « J. loves M. » derived from seman&cs of « J. », « loves » and « M. » 
–  eg: logical inferences: 

•  A‐>B, A   entails B  ; this does not depend on the meaning of A and B but on the 
structure of the representa&ons 

•  as a result, mental computa&ons are 
–  systema&c 

•  all humans are mortal ‐> John is moral, Mary is mortal, etc. 
•  « Paul likes fruits » gramma&cal ‐> « Paul likes fruits » also gramma&cal, etc 

–  produc&ve (achieve discrete infinity) 
•  the list of thoughts/sentences is not finite (I can construct new thoughts with old 

ones) 

•  connec&onist representa&ons have none of these proper&es 



Possible responses to the Fodor & Pylyshyn cri&que 
–  level confusion 

•  F&P talk about a descrip&ve level not a computa&onal one; the descrip&ve 
level is compa&ble with many architectures including connec&onnist ones; 
indeed, none of the physical implementa&ons of symbol structures would 
sa&sfy the F&P criteria (eg, a physical computer). 

–  process confusion 
•  F&P talk about conscious delibera&ve explicit thought processes (which are 
symbolic), not intui&ve ones (which could be subsymbolic) 

–  Implementa&on ma_er 
•  construc&ng a neurally plausible implementa&ons of symbol manipula&on 
is non trivial and interes&ng, and could reveal unexplained phenomena (eg 
graceful degrada&on) 

–  ar&ficial dichotomy 
•  There are many systems intermediate between classical architectures and 
connec&onnist ones. It is an empirical issue which one is appropriate to 
modelling human cogni&on. 

–  F&P cri&cize some classes of connec&onist architectures, they do 
not demonstrate their points for all possible architectures.  
•  Poten&al counterexamples:  

–  Recurrent Networks (Elmann) 
–  Tensor products (Smolensky) 



Elman 

•  structure of the paper 
–  represen&ng &me 

– SRN architecture 
– xor through &me 
– badiiguuu 
– word segmenta&on (15 words) 
– part of speech (13 categories, 29 words, 15 
sentence templates) 
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Figure 2. A simple recurrent network in which octivotions ore copied from hidden layer to 

context layer on a one-for-one basis, with fixed weight of 1 .O. Dotted lines represent train- 

able connections. 

input, and also the previous internal state of some desired output. Because 
the patterns on the hidden units are saved as context, the hidden units must 
accomplish this mapping and at the same time develop representations which 
are useful encodings of the temporal properties of the sequential input. 
Thus, the internal representations that develop are sensitive to temporal 
context; the effect of time is implicit in these internal states. Note, however, 
that these representations of temporal context need not be literal. They rep- 
resent a memory which is highly task- and stimulus-dependent. 

Backprop applied  



•  structure of Smolensky 
–  represen&ng structures by fillers and roles 

•  examples: trees, lists, etc 
–  tensor products and filler/role binding (defini&on) 

•  local, semilocal and distributed 
–  unbinding (exact and selfadressed) 
–  capacity and graceful satura&on 
–  con&nuous and infinite structures 
–  binding and unbinding networks 
–  analogy between binding units and hebb weights 
–  example of a stack 
–  structured roles  



example of tensor product representa&ons 
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Fig, 5. A purely local tensor product representation of four-letter strings. 

Definition 2.14. Let ~r/n be the tensor product representation of S induced by 

a role decomposition F/R of S and two connectionist representations ~F and 

~R" Then ~F/n is a purely local tensor product representation if ~F and ~R are 

both local representations. 

This case is illustrated for the representation of strings in Fig. 5. If the filler 

and role patterns both involve the activity of only a single processor, then the 

tensor product pattern representing their binding will also involve only a single 

unit. In other words, if 1/f F and qt R are both local representations, then IIJF/R is a 

local representation of individual bindings. 

Purely local tensor product representations have been used along with the 

positional role decomposition of strings in many connectionist models; for 

example: 

• As was already mentioned in Section 1.1 and illustrated in Fig. 1, NETtalk 

[35] uses the purely local representation of Fig. 5 to represent seven-letter 

input strings. 

• The interactive activation model of the perception of letters in words [23, 

32] uses the representation shown in Fig. 5 for representing four-letter 

strings, at its intermediate or "letter" level of representation. This to6 is a 

purely local tensor product representation. 
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amount of energy in a particular frequency band over time. For the roles here 

we take a series of time points and for the fillers the amount of energy in the 

band. In Fig. 3, the roles are represented as patterns of activity over five units. 

Each role rp is a time point and is represented as a peaked pattern centered at 

unit p; the figure shows the case p = 4. Each filler f6 is an energy level; in Fig. 3 

this is represented as a pattern of activity over four units: a single peak 

centered at the energy level being represented. The binding pattern is a 

two-dimensional peak centered at the point whose x- and y-coordinates are the 

time and energy values being bound together. 

The example of Fig. 3 is visually transparent because of the simple geometri- 

cal structure of the patterns. Of course there is nothing in the binding 

mechanism itself that requires this. The distributed representation of roles and 

fillers can be arbitrary patterns and in general the tensor product of these 

patterns will be even more visually opaque than are the patterns for the roles 

and fillers: see Fig. 4. However the mathematical simplicity of tensor product 

binding makes the general case as easy to analyze as special cases like that of 

Fig. 3. 

2.2.4. Tensor product representation 

Putting together the previous representations, we have: 

Definition 2.10. Let F/R be a role decomposition of S, and let ~F and ~n be 

connectionist representations of the fillers and roles. Then the corresponding 
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Fig. 4. A generic example of the tensor product representation of a filler/role binding. 

Distributed Local 

Paul loves Mary‐> loves(Paul,Mary) 
‐> pred=loves, arg1=Paul, arg2=Mary 
‐> pred*loves+arg1*Paul+arg2*Mary 



binding and unbinding 
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Fig. 8. A network using sigma-pi binding units to perform tensor product binding. 
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Fig, 9. A network using multiplicative junctions to perform tensor product binding. 
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product occurs not at the unit but at the junction of two connections; the two 

activities entering the triangular junction [12] from the filler and role units are 

multiplied together and the result is sent along the third line to the binding 

unit. 

The representation of complex structures requires superimposing multiple 

filler/role bindings. There are two obvious ways of doing this: sequentially and 

in parallel. In the sequential case, one binding is performed at a time, and the 

binding units accumulate their activity over time. This can be achieved with the 

network shown in Fig. 8 if we use accumulating sigma-pi binding units obeying 

dv  - E w~ I - i i~ , .  
dt ~ i 

Equivalently, serial binding can be performed by the network of Fig. 9 if the 

binding units accumulate activity over time. 

In order to superimpose all N bindings in parallel, we need to extend the 

network shown in Fig. 8, creating nodes { f~ )  N , (~) N },~=1: see }o-=1 and ( r  o Fig. 10, 
which illustrates the simplest case, N = 2. Now each sigma-pi binding unit has 

N sites instead of one; each site" has unit weight. Each site o- on binding unit/~-~p 
(,~) ~o)  receives a pair of connections from the nodes)7  and rp . Now we can bind N 

pairs of roles and fillers in parallel. In the o'th filler pool we set up the pattern 
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Fig. 10. An extension of the network of Fig. 8 that can perform two variable bindings in parallel. 

Binding network  Parallel Binding network (N=2) 



•  extensions of Elman’s SRN 
– computa&onal capacity of SRN 

•  Servan‐Schreiber, D., Cleeremans, A., & McClelland, J.L. (1988). Encoding sequen&alstruc‐ lure 
in simple recurrent networks (CMU Tech. Rep. No. CMU‐CS‐88‐183). Pi_sburgh, PA: Carnegie‐
Mellon University, Computer Science Department. 

•  Lawrence, S., Giles, C. L., & Fong, S. (2000). Natural language gramma&cal inference with 
recurrent neural networks. IEEE Transac&ons on Knowledge and Data Engineering , 12(1), 126–
140.   

•  Pollack, J. B. (1991). The induc&on of dynamical recognizers. Machine Learning , 7(2–3), 227–
252. R 

•  Rodriguez, P. (2001). Simple recurrent networks learn context‐free and context‐sensi&ve 
languages by coun&ng. Neural Computa&on, 13(9).  

–  reservoir compu&ng 
•  h_p://reservoir‐compu&ng.org  
•  Jaeger H (2007) Echo state network. Scholarpedia 2(9):2330. h_p://

www.scholarpedia.org/ar&cle/Echo_state_network  

Künstl Intell

Fig. 1 The difference between a full gradient descent training of RNN
(A) and the ESN training (B)

2 The Basic ESN Approach

Here are the update equations of a typical RNN used in ML
with leaky-integrated discrete-time continuous-value units:

x̃(n) = tanh
(
Win[1;u(n)

]
+ Wx(n − 1)

)
, (1)

x(n) = (1 − α)x(n − 1) + αx̃(n), (2)

where n is discrete time, u(n) ∈ RNu is the input signal,
x(n) ∈ RNx is a vector of reservoir neuron activations and
x̃(n) ∈ RNx is its update, all at time step n, tanh(·) is applied
element-wise, [·; ·] stands for a vertical vector concatena-
tion, Win and W are the input and recurrent weight matrices
respectively, and α ∈ (0,1] is the leaking rate. The model is
also frequently used without the leaky integration, which is a
special case obtained by setting α = 1 and thus x̃(n) ≡ x(n).
The linear readout layer is defined as

y(n) = Wout[1;u(n);x(n)
]
, (3)

where y(n) ∈ RNy is network output, and Wout the output
weight matrix. An additional nonlinearity can be applied
to y(n) in (3), as well as feedback connections Wfb from
y(n − 1) to x̃(n) in (1).

The original method of RC introduced with ESNs [19] is
to:

– generate a large random reservoir (Win,W,α);
– run it using the training input u(n) and collect the corre-

sponding reservoir activation states x(n);
– compute the linear readout weights Wout from the reser-

voir using linear regression, minimizing the mean square
error of the network output w.r.t. the training target signal
ytarget(n);

– use the trained network on new input data u(n) by com-
puting y(n) employing the trained output weights Wout.

Let us look at these steps in more detail.
For the approach to work, the reservoir must possess the

echo state property, which can roughly be described as fad-
ing memory of the input: trajectories of the reservoir state
should converge given the same input, irrespective of the
previous history. This is typically ensured by appropriately
scaling recurrent connection weights W [19]. A few other
parameters, most importantly the input weight Win scaling

and leaking rate α, should also be adjusted for an optimal
validation performance in a given task.

While running the generated model with training data,
the vectors [1;u(n);x(n)] as in (3) are collected into a ma-
trix X and the desired teacher targets ytarget(n) into a ma-
trix Ytarget, both having a column for every training time
step n. The training is typically done by computing the out-
put weights via ridge regression

Wout = YtargetXT(
XXT + γ 2I

)−1
, (4)

where I is the identity matrix and γ is a regularization
parameter. For optimal results γ should also be selected
through validation; note that the network needs no rerunning
with a different γ to recompute Wout. By avoiding training
of RNN connections W, the learning is done in a single pass
through training data and the optimal output weights Wout

are computed with a high precision using a closed-form so-
lution (4). This also enables a practical use of reservoirs
with size of thousands or even tens of thousands of units on
contemporary computers [46]. Also note, that YtargetXT and
XXT in (4) can be computed incrementally and stored in the
memory, instead of Ytarget and X, for arbitrary long train-
ing data sequences. Alternatively, Wout can be continuously
adapted by an online learning algorithm [19].

Such simple and efficient RNN training was demon-
strated to outperform fully-trained RNNs in many bench-
mark tasks, e.g., [17, 22, 23, 46, 50]. Some examples of ap-
plications are presented in Sect. 7.

3 Perspectives on RC

The principles of RC can be perceived from several different
perspectives.

There are certain parallels between RC and kernel meth-
ods in ML. The reservoir can be seen as a nonlinear high-
dimensional expansion x(n) of the input signal u(n). For
classification tasks, input data u(n) which are not linearly
separable in the original space RNu , often become linearly
separable in the expanded space RNx of x(n) where they are
separated by Wout. At the same time, the reservoir serves
as a memory, providing the temporal context. The “kernel
trick” is typically not used in RC, however it is possible to
do so by defining recursive temporal context-sensitive ker-
nels that integrate over a continuum of Win and W, which
can be used as in regular Support Vector Machines (SVMs),
but for sequence data [13]. SVM-style readouts can also be
trained from the reservoirs [41].

The separation between the fixed reservoir and the adap-
tive readout can also be arrived at when analyzing the dy-
namics of a full gradient descent RNN training, and optimiz-
ing it. In an efficient version of gradient descent RNN train-
ing introduced by Atiya and Parlos [1] the output weights
Wout are adapted much more than W and Win [38], which



•  extensions:  
–  implementa&on of a phonological theory 
(Op&mality Theory) in a tensor product network 
with energy relaxa&on 
•  see the Harmonic Mind (Smolensky & Legendre) 

– Escaping the explosion in nb of neurons: 
holographic reduced representa&ons 
•  define A * B as an opera&on that preserves the 
dimensions (eg xor, circular convolu&on) 



Conclusions 

•  What about the F&P Challenge? 
–  tensor products are an interes&ng 
implementa&on/alterna&ve to symbolic systems 

–  recurrent networks could also be an alterna&ve, 
but much less understood 

•  The hidden debate 
–  innate vs learner structures (to be con&nued…) 



Conclusions 

•  empirical impact of the 
debate 
– past tense in English 

•  rule: play‐>played, fax‐>faxed 
•  excep&ons: sing‐>sang, put‐>put 
•  Pinker & Prince (1988) 
•  procedural vs declara&ve 
memory (Ullman et al, 1997; Pinker 
& Ullman, 2002)  

The WR theory contrasts with classical theories of
generative phonology and their descendents, such as
those of Chomsky and Halle [15–17], which generate
irregular forms by affixing an abstract morpheme to
the stem and applying rules that alter the stem’s
phonological composition. Such theories are designed
to account for the fact that most irregular forms are
not completely arbitrary but fall into families
displaying patterns, as in ring-rang, sink-sank,
sit-sat, and feel-felt, sleep-slept, bleed-bled. A problem
for this view is that irregular families admit
numerous positive and negative counterexamples
and borderline cases, so any set of rules will be
complex and laden with exceptions, unless it posits
implausibly abstract underlying representations
(e.g. rin for run, which allows the verb to undergo the
same rules as sing-sang-sung).

The theory also contrasts with the
Rumelhart–McClelland model (RMM) and other
connectionist models that posit a single pattern
associator, with neither lexical entries nor a

combinatorial apparatus [1,18,19]. The key to 
these pattern associators is that rather than linking
a word to a word stored in memory, they link sounds
to sounds. Because similar words share sounds, 
their representations are partly superimposed, and
any association formed to one is automatically
generalized to the others. This allows such models 
to acquire families of similar forms more easily 
than arbitrary sets, and to generalize the patterns 
to new similar words. Having been trained on
fling-flung and cling-clung, they may generalize 
to spling-splung (as children and adults 
occasionally do [20,21]); and having been trained 
on flip-flipped and clip-clipped, they generalize 
to plip plipped.

WR is descended from a third approach: the
lexicalist theories of Jackendoff, Lieber, and others,
who recognized that many morphological
phenomena are neither arbitrary lists nor fully
systematic and productive [22–25]. They posited
‘lexical redundancy rules’, which do not freely
generate new forms but merely capture patterns of
redundancy in the lexicon, and allow sporadic
generalization by analogy. Pinker and Prince
proposed that lexical redundancy rules are not 
rules at all, but consequences of the superpositional
nature of memory: similar items are easier to learn
than arbitrary sets, and new items resembling old
ones tend to inherit their properties. They argued
that RMM’s successes came from implementing 
this feature of memory, and proposed the WR theory
as a lexicalist compromise between the generative
and connectionist extremes. Irregulars are stored 
in a lexicon with the superpositional property of
pattern associators; regulars can be generated or
parsed by rules.

Ullman and colleagues have recently extended the
WR theory to a hypothesis about the neurocognitive
substrate of lexicon and grammar. According to the
Declarative/Procedural (DP) hypothesis [5,26], lexical
memory is a subdivision of declarative memory, which
stores facts, events and arbitrary relations [27,28].
The consolidation of new declarative memories
requires medial-temporal lobe structures, in
particular the hippocampus. Long-term retention
depends largely on neocortex, especially temporal 
and temporo-parietal regions; other structures are
important for actively retrieving and searching for
these memories. Grammatical processing, by
contrast, depends on the procedural system, which
underlies the learning and control of motor and
cognitive skills, particularly those involving
sequences [27,28]. It is subserved by the basal
ganglia, and by the frontal cortex to which they
project – in the case of language, particularly Broca’s
area and neighboring anterior cortical regions.
Irregular forms must be stored in the lexical portion
of declarative memory; regular past-tense forms can
be computed in the grammatical portion of the
procedural system.
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Word stem (e.g. walk or hold)
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Fig. 1. S imp lified illustration of the Words-and-Ru les (WR) theory and the Declarative/Procedural
(DP) hypothesis. When a word must be inflected, the lexicon and gram mar are accessed in parallel. 
If an inflected form for a verb (V) exists in memory, as w ith irregu lars (e.g. held), it w ill be retrieved; 
a signal ind icating a match b locks the operation of the gram matical suffixation process v ia an
inh ib itory link from lexicon to gram mar, preventing the generation of ho lded. If no inflected form 
is matched, the gram matical processor concatenates the appropriate suffix w ith the stem ,
generating a regu lar form .

as the default), rarely analogize irregular patterns to
novel words (e.g. spling-splung), and are relatively
unimpaired at generating novel regular forms like
plammed [26,67,68]. Agrammatism, by contrast, 
is an impairment in producing fluent grammatical
sequences, and is associated with damage to anterior
perisylvian regions of the left hemisphere [69,70]. As
predicted, agrammatic patients show the opposite
pattern: more trouble inflecting regular than irregular
verbs, a lack of errors like swimmed, and great difficulty
suffixing novel words [26,67]. Similar effects have been
documented in reading aloud, writing to dictation,
repeating and judging words (even when controlling for
frequency and length) [67],and in a regular/irregular
contrast with Japanese-speaking patients [71].

The predicted double dissociation patterns are also
seen in a comparison of neurodegenerative diseases.
Alzheimer’s disease (AD) is marked by greater

degeneration of medial and neocortical temporal lobe
structures than of frontal cortex (particularly Broca’s
area) and the basal ganglia, and greater impairment
of lexical and conceptual knowledge than of motor
and cognitive skills, including aspects of grammatical
processing [72]. Parkinson’s disease (PD), associated
with basal ganglia degeneration, is marked by
greater impairment of motor and cognitive skills
(including grammatical processing) than use of words
and facts [72,73]. As predicted, AD patients have 
more trouble inflecting irregular than regular verbs,
are relatively unimpaired at suffixing novel words,
generate few irregular analogies for novel words, 
and produce over-regularization errors; PD patients
show the contrasting patterns [26,32]. Moreover, the
performance patterns correlate with the severity of
the associated processing impairments in the
two populations: anomia in AD, and right-side
hypokinesia (an index of left-hemisphere basal
ganglia degeneration) in PD [26,32].

Intriguingly, Huntington’s Disease (HD), caused
by degeneration of different basal ganglia structures,
results in disinhibition of the projected frontal areas,
leading to unsupressible movements [73]. When HD
patients inflect verbs, they show a third pattern:
producing extra suffixes for regular and novel words
like walkeded, plaggeded and dugged, but not
analogous errors on irregulars like dugug or keptet –
suggesting that these errors are instances of
unsuppressed regular suffixation [26,32].

Converging findings come from other
methodologies. In normal subjects, both regular 
and irregular inflected forms can prime their stems.
By hypothesis, a regular form is parsed into affix 
and stem (which primes itself); an irregular form is
associated with its stem, somewhat like semantic
priming. Patients with left inferior frontal damage do
not show regular priming (walked-walk), although
they retain irregular priming (found-find) and
semantic priming (swan-goose). A patient with
temporal-lobe damage showed the opposite pattern
[68,74,75]. In studies that have recorded event-
related potentials (ERPs) to printed words, when a
regular suffix is placed on an irregular word (e.g. the
German Muskels) or omitted where it is obligatory
(e.g. ‘Yesterday I walk’), the electrophysiological
response is similar to the Left Anterior Negativity
(LAN) commonly seen with syntactic violations.
When irregular inflection is illicitly applied (e.g. the
German Karusellen) or omitted (e.g. ‘Yesterday I dig’),
the response is a central negativity similar to the
N400 elicited by lexical anomalies, including
pronounceable non-words [40,76–79]. This suggests
that the brain processes regular forms like syntactic
combinations and irregular forms like words.

Double dissociations are difficult to explain in
pattern associators, because except for artificially
small networks, ‘lesioning’the networks hurts
irregular forms more than regular ones [80]. A recent
interesting model by Joanisse and Seidenberg
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Fig. 3. Dissociating regular and irregular processing in aphasia. (a) The approximate lesion sites of
patient FCL (red area, left anterior perisylvian regions), who had symptoms of agrammatism, and patient
JLU (green area, left temporo-parietal region), who had symptoms of anom ia. (b) Results of verb-
inflection tests showed that the agrammatic patient had more trouble inflecting regular verbs (lighter
bars) than irregular verbs (darker bars), whereas the anom ic patient had more trouble inflecting irregular
verbs – and overapplied the regular suffix to many of the irregulars (light green bar on top of dark green
bar). The performance of age- and education-matched control subjects is shown in the grey bars.
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Conclusions 
•  empirical impact of the debate (cont) 
– sta&s&cal learning vs algebraic learning in infants 

•  Saffran et al, (1996), Marcus et al, (1999), Pena et al (2002) 

– exemplar‐based versus abstract representa&ons 
•  object recogni&on (Biederman & Gerhardstein, 1993), face 
recogni&on, speech recogni&on (eg Goldinger, 1988; Johnson 
1997, Pierrehumbert 2001) 
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Extensions 

•  computa&onal reduc&on: finding the right 
architecture 

•  other connec&onnist architectures 
– Kohonen’s maps (compe&&ve learning) (Kohonen, 1982)  
– Adap&ve Resonance Theory (Grossberg, 1976) 
– Reinforcement learning (Barto, Su_on, Anderson, 1983) 

•  other computa&onal frameworks 
– Probabilis&c/Bayesian frameworks 
– Predic&ve Coding/Free Energy 


