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•  bref historique du connexionnisme et de 
l’IA symbolique 

•  les années 80: la confrontation 
ideologique: faux débat versus vraies 
questions 

•  Les nouvelles pistes 
– compositionalité et produit tensoriel 
–  recursivité et systeme dynamique 
–  (gradualité et modèles bayesiens) 



•  What is thinking ? what kind of object can 
think? 
–  thinking is manipulation of discrete symbols 
– computers (could be programmed to) think 

–  thinking is performing parallel, distributed 
computations 

– neural networks (could be constructed to) 
think 



Symbols 



Cognition and symbols 
•  reasoning = computation in a formal calculus 

–  Aristote, Leibniz (universal language + reasoning calculus), Boole (formal 
system for logical and set theoretic reasoning), Frege (logisict program for 
mathematics), Peano, Russell, etc  

•  Formal system: 
–  A finite set of symbols (i.e. the alphabet), that can be used for constructing 

formulas (i.e. finite strings of symbols). 
–  A grammar, which tells how well-formed formulas (abbreviated wff) are 

constructed out of the symbols in the alphabet. It is usually required that 
there be a decision procedure for deciding whether a formula is well 
formed or not. 

–  A set of axioms or axiom schemata: each axiom must be a wff. 
–  A set of inference rules (going from wff to wff) 

•  Examples 
–  first order propositional logic (A,B..C, ->) 
–  second order logic (A,B, C, Vα,  ->) 
–  predicate logic (P(x)) 



Chapitre 1

Systèmes formels : exemples
introductifs

Nous donnons dans cette partie quelques exemples pouvant servir d’introduction aux
systèmes formels. Tous ces exemples font appel à certaines notions qui ne seront vues que
dans les chapitres ultérieurs. Nous suggérons au lecteur de se faire une première idée des
théories exposées ici, sans pour autant vouloir tout comprendre, puis d’y revenir après avoir
lu le chapitre consacré au calcul des prédicats.

1.1 Exemple 1 : génération de théorèmes de l’arithmé-
tique

Voici un premier exemple repris à Quine 1.
Admettons comme axiomes les deux équations :

(A) x = x� (y � y)
(B) x� (y � z) = z � (y � x)

et comme règles d’inférence :

– substitution d’une expression quelconque pour toutes les occurences d’une variable
(substitution);

– si � = ⇥, remplacement de ⇥ par � n’importe où (remplacement des égaux par les
égaux ).

Voici quelques théorèmes que nous pouvons déduire :

1. W.V. Quine: A Method for Generating Part of Arithmetic Without Intuitive Logic, 1934.
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Axiomes 

Symboles:  x, y, z, …  = -  ( )   
Grammaire:     énoncé :       expression = expression 

   expression: ( expression ) 
         | expression – expression 
         | variable 
   variable :   x | y | z …  

Règles d’inférences 

- substitution (d’une 
expression quelconque 
pour toute occurrence 
d’une variable) 
- remplacement de a par 
b partout si a=b 

(1) x = x ( A ),( A )
(2) x = x � (z � z ) ( A )
(3) y � (x � z ) = z � (x � y) ( B )
(4) y � (x � (z � z )) = z � z � (x � y) ( B )
(5) z � (z � z � (x � y)) = x � y � (z � z � z ) ( B )
(6) y � y � (x � x � x) = y � y � (x � x � x) (1)
(7) y � x = z � z � (x � y) (2),(4)
(8) x � z � y = w � w � (y � (x � z )) (7)
(9) x � y � z = w � w � (z � (x � y)) (7)
(10) z � (y � x) = x � y � (z � z � z ) (7),(5)
(11) x � (y � y) = y � y � (x � x � x) (10)
(12) x � y � z = w � w � (y � (x � z )) (3),(9)
(13) x � (y � z ) = x � y � (z � z � z ) ( B ),(10)
(14) x � (y � y) = x � y � (y � y � y) (13)
(15) x � y � z = x � z � y (8),(12)
(16) z � z � (x � y) = z � (x � y) � z (15)
(17) y � x = z � (x � y) � z (7),(16)
(18) y � x = y � (x � z ) � z (3),(17)
(19) x = x � y � (y � y � y) ( A ),(14)
(20) x = y � y � (x � x � x) ( A ),(11)
(21) y � y � (x � x � x) = x (20),(6)

Les numéros à gauche des équat ions sont les numéros des théorèmes. Les numéros à
droite indiquent comment un théorème a ét é obtenu. Lorsqu’il ne figure qu’un nombre ou
une let tre à droite, cela signifie que le théorème a ét é obtenu à part ir du théorème indiqué,
en y faisant une subst itut ion (première règle d’inférence). Par exemple (8) est obtenu de (7)
en y remplaçant z par w , x par y et y par x � z (en parallèle).

Lorsque deux nombres figurent à droite, cela signifie que la part ie droite de l’équat ion
représent ée par le premier nombre est remplacée par sa part ie gauche dans l’équat ion repré-
sent ée par le second nombre. Par exemple, (17) est obtenu de (16) en remplaçant z�z�(x�y)
par y � x , conformément à l’équat ion (7).

Q uine a montré que tous les théorèmes const itués uniquement de soustract ions et de
parenthèses peuvent être obtenus à part ir des deux axiomes et des règles d’inférence.

1.2 E xem ple 2 : calcul d ’int égrales
O n considère l’ensemble des fonct ions polynomiales dont les monômes ont un degré posit if

ou nul. C es fonct ions sont int égrables sur .
O n note I ( f ,a,b) la valeur de l’int égrale

 b

a f (x) dx .
O n se donne les axiomes suivants, où A ⇥ B doit être lu < si A alors B > :
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Théorèmes 

Quine (1934). A method for generating 
part of arithmetic without intuitive logic 



•  Thinking=computation over symbols  
–  computability theory (1930-) Godel, Post, 

Kleene, Church, Turing, Markov 

•  Physical symbolic systems 
–  Finite state automaton, pushdown automaton, 

Turing machines computational power 
–  Power of automata:  

•  Finite state automata 
•  Pushdown automata 
•  Turing machines with one tape,Turing machines with 

several tapes, lambda calculus (eg lisp), string 
rewriting system (eg production), recursive functions  

–  Church thesis:  
•  Turing machines are on the top of the hierarchy 

Cognition and symbols (II) 



•  Formal linguistics 
– Miller & Chomsky 

(1963) 
•  to each automaton, a 

class of languages 
•  human languages are 

between context free 
and recursively 
enumerable 

theoretical background 



définitions 

•  langage formel 
– alphabet: ensemble fini de symboles: Σ={a,b, c, …}  

(ou {chien, chat, le, une, chasse, etc}) 
– énoncé: séquence finie de symboles: eg: aacba  

(ou le.chien.chasse.le.chat) 
– ensemble de tous les énonces: Σ* (infini) 
–  langage: L sous-ensemble (potentiellement infini) 

de Σ* 



start 

a b 

c 

d 

stop 

Automate 
à états 
finis 

Alphabet Σ={a, b, c, d} 

Exemples a, b, c, ab, ba, bd, ac, bddddd,cd, 
abd, acd,aabd, aaaaaaabddddddd, 
… ∈ L ? 



start 

a b 

c 

d 

stop 

a*[bc]d* 

Automate 
à états 
finis 

Expression 
régulière 

Alphabet Σ={a, b, c, d} 

Exemples a, b, c, ab, ba, bd, ac, bddddd,cd, 
abd, acd,aabd, aaaaaaabddddddd, 
… ∈ L ? 



start 

a b 

c 

d 

stop 

Automate 
à pile 

/// 
1 
1 

!1 "1 

"/// 

Exemples b, c, ab, bd, bddddd,cd, abd, 
acd,aabd, aaaaaaabddddddd, etc 



start 

a b 

c 

d 

stop 

an[bc]dn   n>=0  

Automate 
à pile 

Grammaire 
algébrique 
(context free) 

/// 
1 
1 

!1 "1 

"/// 

E→ aEd | b | c 

Exemples b, c, ab, bd, bddddd,cd, abd, 
acd,aabd, aaaaaaabddddddd, etc 

a 
a 

b 
c 

c 

E 

E 

E 



parsing: a small grammar of 
English 

326 Chapter 9. Context-Free Grammars for English

Noun f lights breeze trip morning

Verb is pre f er like need want f ly

Adjective cheapest non stop f irst latest

other direct

Pronoun me I you it

Proper-Noun Alaska Baltimore Los Angeles

Chicago United American

Determiner the a an this these that

Preposition f rom to on near

Conjunction and or but

Figure 9.2 The lexicon for L0.

S NP VP I + want a morning flight

NP Pronoun I

Proper-Noun Los Angeles

Det Nominal a + flight

Nominal Noun Nominal morning + flight

Noun flights

VP Verb do

Verb NP want + a flight

Verb NP PP leave + Boston + in the morning

Verb PP leaving + on Thursday

PP Preposition NP from + Los Angeles

Figure 9.3 The grammar for L0, with example phrases for each rule.

grammar, and are called grammatical sentences. Sentences that cannot be GRAMMATI-
CAL

derived by a given formal grammar are not in the language defined by that

grammar, and are referred to as ungrammatical. This hard line betweenUNGRAMMATI-
CAL

‘in’ and ‘out’ characterizes all formal languages but is only a very simplified

model of how natural languages really work. This is because determining
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Section 9.2. Context-Free Rules and Trees 327

S

NP VP

NP

Nom

Pro Verb Det Noun Noun

I prefer a morning flight

Figure 9.4 The parse tree for ‘I prefer a morning flight’ according to gram-

mar L0

whether a given sentence is part of a given natural language (say English)

often depends on the context. In linguistics, the use of formal languages to

model natural languages is called generative grammar, since the language GENERATIVE
GRAMMAR

is defined by the set of possible sentences ‘generated’ by the grammar.

We conclude this section by way of summary with a quick formal de-

scription of a context free grammar and the language it generates. A context-

free grammar has four parameters (technically ‘is a 4-tuple’):

1. a set of non-terminal symbols (or ‘variables’) N

2. a set of terminal symbols ! (disjoint from N)

3. a set of productions P, each of the form A ", where A is a non-

terminal and " is a string of symbols from the infinite set of strings

! N .

4. a designated start symbol S

A language is defined via the concept of derivation. One string de-

rives another one if it can be rewritten as the second one via some series of

rule applications. More formally, following Hopcroft and Ullman (1979), if

A # is a production of P and " and $ are any strings in the set ! N ,

then we say that "A$ directly derives "#$, or "A$ "#$. Derivation is DIRECTLY
DERIVES

then a generalization of direct derivation. Let "1 "2 "m be strings in

! N m 1, such that

"1 "2 "2 "3 "m 1 "m (9.8)

We say that "1 derives "m, or "1 "m. DERIVES



•  note on dependencies in human 
languages 
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difficult unless they are provided with a semantics. (Miller made ingenious use of simple generative graphics to 
provide access to meanings for the strings of his CF language.)

One might further ask whether providing similar graphical semantic support would help animal subjects to learn 
properly CF grammars in the same way. The answer lies in Fodor’s observation in our epigraph that “you cannot 
learn a language whose terms express semantic properties not expressed by the terms of some language that you are 
already able to use”. Recognizing the property of being a balanced tree or a palindrome requires having mastered 
concepts such as symmetry and right vs. left. There is evidence from early studies of non-signing deaf children that 
such concepts, unlike more perceptually hard-wired ones like shape and color, are extremely hard to attain in advance 
of learning human language [24,11,12]. Thus there is every reason to believe that this semantics is only accessible to 
humans who have already mastered their native language, via the conceptual grounding in real world interactions of 
its semantics.

But apes also live in the real word, equipped with a PDA, so we still haven’t explained why the apes haven’t made 
the same progression to language for themselves.

The answer must lie in the prelinguistic conceptual language of the mind that human infants command and the 
apes do not. More specifically it may reflect the kinds of plans that humans and apes can respectively make. We have 
already noted that apes appear to be unable to make plans that require unboundedly many plan variables, notably 
those that involve other minds. Such plans are semantically recursive, and show up in recursive structures in natural 
languages in sentences like the following (indices associate verbs with their subjects etc.):

(1) a. that we1 let1 the children2 help2 Hans3 paint3 the house3.
b. daß wir1 die Kinder2 dem Hans3 das Haus3 streichen3 helfen2 lassen1.
c. das mer1 d’chind2 em Hans3 es huus3 lönd1 hälfe2 aastriiche3.

In English (1a) this construction is tail-recursive, but in German (b) it is center-embedding, while in Zurich Ger-
man (c) it is center embedding with crossing dependencies. In the latter case, it is known that such languages are 
non-context-free [27].9

In that case, before any verb combines with its subject, the syntax must derive a verb cluster lönd1 hälfe2 aastri-
iche3 with a logical form isomorphic to the plan with variables let(help(paint z y) x) w, “someone lets someone help 
someone paint something”. I conjecture therefore that it is the language of planning with plan variables that is the 
preexisting language of mind, in terms of which language-specific syntax and semantics are defined, rather than the 
dendrophile’s empty tree structures.

Recognizing or parsing such sentences or building the corresponding plan both require a slightly more powerful 
automaton than the PDA called a Linear Embedded Push-Down Automaton, or LEPDA [31]. The EPDA resembles 
the PDA in operating with a single push-down store or stack. However, the items on the stack may themselves be 
stack-valued. The LEPDA is a special case where only one stacked element carries an unbounded stack value.

Since humans (like chimpanzees and all other real physical computational systems) are in fact finite state machines, 
the PDA and the slightly more powerful LEPDA must be “virtual machines”, simulated using finite resources. We may 
accordingly expect that there will be limitations on the complexity of the plans that chimpanzees (and ourselves) can 
find. These limitations may to some extend be overcome by learning, in the form of storing successful and robust 
plans as compiled or assembled functions that can be used as single steps in more ambitious plans that could not have 
been achieved starting from scratch.

This process of storing functions assembled from more primitive functions is all that is needed to assemble a 
lexicon corresponding to the syntactic and semantic elements of natural language on the basis of exposure to string 
paired with meanings in the prelinguistic language of mind.

We may therefore conjecture that the following progression, spanning a couple of hundred million years of mam-
malian evolution, provided the necessary substrate for the essentially instantaneous subsequent development of human 
language and the other cognitive faculties we have mentioned.10

9 In German and Zurich German other word orders are allowed. This does not affect the argument.
10 I do not intend to suggest that parts of this progression may not have occurred in non-mammals. The observations of Emory and Clayton [6], 
Huber and Gajdon [16] suggest that partial parallel evolution may have occurred in species of Crow and Parrot.

•  a and b can be handled by a push down 
automaton, but not c 
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quelle classe d’automate pour les langues 
humaines? 

Langage humain 
(syntaxe) 
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– Miller & Chomsky
 (1963) 
•  à chaque classe
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Minimalist grammarts, 
Dependency grammars,  
Tree adjoining grammars, 
categorical grammars 
… etc…  

Jager et al (2012). Refining the Chomsky Hierarchy. Phil Tran Roy Soc B 

— a nbmc ndm;
— the copy language;
— a nbnc n; and
— a nbnc ndn.

The descriptive power of TAG languages is sufficient
to capture the kind of crossing dependencies that are
observed in Swiss German and Bambara.9

MGs (and equivalent formalisms) are still more
powerful than that. While TAG languages may only
contain up to four different types of interlocked unlim-
ited (crossing or nesting) dependencies, there is no
such upper bound for MG languages. To be more pre-
cise, each MG language has a finite upper bound for
the number of different types of dependencies, but
within the class of MG languages this bound may be
arbitrarily large. This leads to a higher computational
complexity of the membership problem. It is still
always polynomial, but the highest exponent of the
term may be arbitrarily large.

Becker et al. [18] argue that this added complexity
is actually needed to capture all aspects of word
order variation in German.

Non-TAG languages that are included in the MG
languages are, for instance,

— a1n . . . ak
n for arbitrary k and

— w k for arbitrary k, i.e. the k-copy language for
any k.

Joshi [8] described a list of properties that an exten-
sion of the CFLs should have if it is to be of practical
use for linguistics:

— It contains all CFLs.
— It can describe a limited number of types of cross-

serial dependencies.
— Its membership problem has polynomial

complexity.
— All languages in it have constant growth property.

With regard to the last property, let L be some formal
language, and let l1, l2, l3, . . . be the strings in L,
ordered according to length. L has the constant
growth property if there is an upper limit for the differ-
ence in length between two consecutive elements of
this list. The motivation for this postulate is that in
each natural language, each sentence can be extended
to another grammatical sentence by adding a single
word (like an adjective or an adverb) or another
short conjunct. Hence there cannot be arbitrarily
large gaps in the list of possible lengths the sentences
of a language can have.

This postulate excludes many context-sensitive
languages, such as the set of square numbers, the set
of prime numbers or the set of powers of 2, etc.

Joshi calls classes of languages with these properties
mildly context-sensitive because they extend the CFLs,
but only slightly, preserving many of the ‘nice’ features
of the CFLs. Both TAG languages and MG languages
are mildly context-sensitive classes in this sense.

The refinement of the Chomsky hierarchy that
emerges from this line of research is displayed in
figure 6.

It should be noted that Michaelis & Kracht [19]
present an argument that Old Georgian is not an
MG language. This conclusion only follows, though,
if a certain pattern of complex case marking of this
language is applicable recursively without limit. Of
course, this issue cannot be settled for a dead
language, and so far the investigation of living
languages with similar properties has remained incon-
clusive. Most experts therefore assume at this time that
all natural languages are MG languages.

5. C O G NITIV E C O MP L E XIT Y
Classes of the Chomsky hierarchy provide a measure
of the complexity of patterns based on the structure
of the mechanisms (grammars, automata) that can dis-
tinguish them. But, as we observed in §2c, these
mechanisms make judgements about strings in terms
of specific analyses of their components. When dealing
with an unknown mechanism, such as a cognitive
mechanism of an experimental subject, we know noth-
ing about the analyses they employ in making their
judgements, we know only that they can or cannot
make these judgements about strings correctly.

The question for AGL, then, is what characteristics
of the formal mechanisms are shared by the physical
mechanisms employed by an organism when it is
learning a pattern. What valid inferences may one
make about the nature of an unknown mechanism
that can distinguish the same sorts of patterns?

Here, the grammar- and automata-theoretic charac-
terizations of the Chomsky hierarchy are much less
useful. As we saw in §§2d and 4, mechanisms with
widely differing natures often turn out to be equivalent
in the sense that they are capable of describing exactly
the same class of languages.10

Mechanisms that can recognize arbitrary CFLs
are not limited to mechanisms that analyse the string
in a way analogous to a context-free grammar.
Dependency grammars [20], for example, analyse a
string in terms of a binary relation over its elements,
and there is well-defined class of these grammars
that can distinguish all and only the CFLs. In learning
a CFL, it is not necessary to analyse it in terms

context-free

context-sensitive

TAG

MG

anbn

a2
n

anbncndnen

anbmcndm

Figure 6. The mildly context-sensitive sub-hierarchy.

Formal language theor y G. Jäger and J. Rogers 1961

Phil. Trans. R . Soc. B (2012)
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•  Formal linguistics 
– Miller & Chomsky (1963) 

•  to each automaton, a 
class of languages 

•  human languages are 
between context free and 
recursively enumerable 

– Symbolic AI (1956) 
•  1980: prolog, expert 

systems 
– SOAR, ACT* 

Cognition and symbols (III) 



symbolic processing 
•  Newell (1980) articulated the role of the 

mathematical theory of symbolic 
processing. 
– Cognition involves the manipulation of symbols – 

analogous to words, concepts, schema, etc. 	

– What are symbols? 	


•  Roughly, it’s like the values of a categorical 
variable (male, female, red, blue, dog, cat). 

•  Operators on those symbols would then be things 
like “is-a” “a-kind-of” “purpose” “shape” “part-of” 
“object” 



Input:             Program: 

Output: 

• E.g. recognize a red apple 

Red(X)   
Round(X) 
… 

if (Orange(X) & Round(X) … ) then Orange(X) 
if (Red(X) & Round(X)  …) then Apple(X) 
… 

Apple(X) 
      Apple(X) 

Red(X)          &         Round(X)  … 

Graphical: 

Color(X) -> Red(X) or Orange(X)         Shape(X) -> Round(X)  or … 

input = symbol(s) -> algorithms who work on input -> output = more symbol(s) 



•  ACT-R (Anderson 2004) 
•  Cyc (openCyc) 

– 200k terms, 2m beliefs 
•  Never Ending Language Learning 

– since 2010 50m candidate beliefs  



Connections 



McCulloch & Pitts (1943) 
•  Neural networks as computing devices 

–  What logical operations could neurons compute?	

•  Five assumptions based on then-current 

knowledge of neurons 
–  1. The activity of a neuron is “all-or-none” (binary coding)	

–  2. Each neuron has a fixed threshold on the required 

number of synapses that need to be excited before the 
neuron itself will be excited.  Weights are identical.	


–  3. Synaptic action causes a time delay before firing.	

–  4. Inhibition is absolute.	

–  5. The physical structure of a network of neurons doesn’t 

change with time; connections and their strengths are static.	




McCulloch/Pitts neurons 

•  McCulloch/Pitts neurons can then be used 
to compute any (finite) logical function 

•  BUT, McCulloch/Pitts networks can’t learn. 



Hebb (1949) 
•  The first rule for self-organized 

learning 
•  Hebb recognized the existence of 

feedforward, long range lateral, 
and feedback connections 

•  These cortical circuits admit self-
sustaining activity that 
reverberate in « cell assemblies »  

•  synapses are the fundamental 
computational and learning unit 

•  activity-dependent synaptic 
plasticity as a basic operation 

Hebb, D. (1949). Organization of Behavior: 
A Neuropsychological Theory (New York: 
John Wiley and Sons). 

Neuron, Vol. 24, 773–776, December, 1999, C opyright !1999 by C ell Press

The Book of Hebb Minireview

and long-range lateral connections within cortical areasTerrence J. Sejnowski*

as well as feedforward connections. He recognized thatHoward Hughes Medical Institute
single synapses were generally too weak in cortex toThe Salk Institute
cause a postsynaptic neuron to fire a spike and that10010 North Torrey Pines Road
patterns of converging synaptic inputs were required.La Jolla, C alifornia 92037
The Motivation for the Hebb SynapseDepartment of Biology
The central problem that concerned Hebb was the originUniversity of C alifornia, San Diego
of what he believed was relatively autonomous activityLa Jolla, C alifornia 92093
in the cerebrum: “... we know practically nothing about
what goes on between the arrival of the excitation at a
sensory projection area and its later departure from theIt has been 50 years since Donald Hebb published the
motor area of the cortex” (xvi). Hebb conjectured thatOrganization of B ehavior: A Neuropsychological Theory
cortical circuits admit self-sustaining activity that rever-in 1949. This book was written at a time when behavior-
berated in what he called “cell assemblies.” This ideaism was dominant in North American psychology. The
was inspired by evidence for recurrent connections be-approach that Hebb advocated, based on what was
tween neighboring cells in the cortex. Although rever-then known about the brain, was out of favor among
beratory activity lasting for up to half a second hadpsychologists who believed that only external sensory
been observed by Lorente de Nó, Hebb went furtherstimuli and motor responses ought to be included in
and suggested that such activity in one cortical circuitany explanation of behavior. Most neuroscientists have
could through converging projections activate other ar-heard about the “Hebb synapse,” but few know why he
eas of cortex and lead to a sequence of activations hepostulated this learning rule. This is a good time to take
called a “phase sequence.” Although these ideas remaina closer look at this book and let Hebb speak for himself.
highly speculative, they reflect recent issues such asHebb was on the faculty of the Psychology Depart-
spike timing and spike synchrony that today are at thement at Mc Gill University. One of his research interests
forefront of theoretical research on the cortical neuralwas the behavioral effects of brain lesions, and he had
code (Abbott and Sejnowski, 1999).collaborated with Wilder Penfield, a colleague at Mc Gill,

Hebb needed a way to sustain persistent reverbera-but he was more broadly interested in the development
tory activity (a “trace”) in cortical circuits. He proposedof behavior and learning, which he saw as intimately
that patterns of connections between neurons couldrelated. In 1949, much of what we now take for granted
sustain reverberatory activity if their strengths could beabout the organization of the nervous system and the
adjusted by an activity-dependent mechanism for syn-properties of neurons was not yet discovered. Hodgkin
aptic plasticity that he called a “Neurophysiological Pos-and Huxley’s landmark series of papers on the ionic tulate”:

basis of the action potential would appear in 1952; the
classic paper by F att and Katz on the quantal theory of
synaptic transmission would appear in the same year.
Not much was known about the localization of function
in the cortex outside primary sensory and motor areas,
and Lashley’s theory of equipotentiality of the cerebral
cortex was still influential.

Most of what was then known about cortical neurons
and circuits was based on static pictures of neurons
stained with the Golgi technique. Even though the “neu-
ron doctrine” went back to C ajal, conclusive evidence
that the neuron was indeed a functional unit awaited
the electron microscope in the 1950s and recordings
from single cortical neurons in the 1960s. In the introduc-
tion to his book, Hebb states that his theory “is evidently
a form of connectionism, one of the switchboard variety,
though it does not deal in direct connections between
the afferent and efferent pathways: not an ‘S–R’ psychol- Figure 1. Summary Diagram of C onnectivity between C ells in Visual
ogy, if R means a muscular response. The connections C ortex Taken from Figure 8 in Hebb (1949)
serve rather to establish autonomous central activities, C ells A and B in primary visual cortex (area 17) receive strong excita-
which then are the basis for further learning” (xix). One tion from a visual stimulus in their receptive fields (as do other cells

in the cross-hatched region). C ells C and D in extrastriate visualof the few figures in the book, reproduced in Figure 1,
cortex (area 18) provide feedback connections to area 17. C ell Edepicts the connections between area 17 (primary visual
does not receive strong visual input in its receptive field but doescortex) and area 18 (extrastriate visual cortex), and is
receive feedback input from horizontal connections within the cor-remarkably modern in including feedback projections tex. Hebb’s interpretation of this diagram anticipates the recently
discovered modulation of the primary receptive field responses in
area 17 from visual stimuli outside the classical receptive field.* E-mail: terry@salk.edu.



Learning in a Hebbian network 

•  “When an axon of cell A is near enough to 
excite a cell B and repeatedly or persistently 
takes part in firing it, some grown process or 
metabolic change takes place in one or both 
cells such that A’s efficiency, as one of the cells 
firing B, is increased.”	


LT Potentiation (Bliss & Lomo, 1973; Kelso et al, 
1986) 
LT Depression (Markram et al. 1997) 



The “Hebb rule”	


•  Δwij=ηaiaj 
–  where a’s are activation values (-1 or 1), and η  is a 

learning rate parameter. 
–  Equation is applied until weights “saturate” (typically at 1) 

and do not keep increasing as inputs are presented. 
•  Hebbian learning finds correlations between features in 

the environment	

–  Features that co-occur will grow strong positive weights, those 

that do not occur together will have grow negative weights, 
random pairing produces zero weights	


->  what is the associated computation?	


ai aj 
wij 



The perceptron  
(Rosenblatt, 1958, 1962) 

•  First model for learning with a teacher 
(supervized learning) 

•  McCulloch-Pitts neurons (linear-threshold) with 
connections that can be modified by learning 

Rosenblatt, F. (1958). The perceptron: a probabilistic model for 
information storage and organization in the brain. Psychological 
Review. 65(6), 386-408. 

              1 if  Σ wi.xi  > 
0 y = 
             -1 otherwise 

{ i=0 

n 
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Perceptron Learning Rule 

•  Start with random connections wi 
•  Error-driven learning rule (delta rule): 

 Δwi = η (t - y) xi 
  t is the target value (given by the teacher) 
  y is the perceptron output 
  η Is a small constant (e.g. 0.1) called learning rate 

•  If the output is correct (t=y) the weights wi are not changed 
•  If the output is incorrect (t≠y) the weights wi are changed  
   such that the output of the perceptron for the new weights  
   is closer to t (error decreases). 
•  The algorithm converges to the correct classification 

•  if the training data is linearly separable 
•  and η is sufficiently small  
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Example: learning the AND 

y 

x2 

x1 

1 
W = 0 

W = 0 

W = 0 

   AND 
A B  Output 
0 0     0 
0 1     0 
1 0     0 
1 1     1 
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Example: learning the AND 

y=0 

x2=1 

x1=1 

1 
W = 0 

W = 0 

W = 0 

   AND 
A B  Output 
0 0     0 
0 1     0 
1 0     0 
1 1     1 

t = 1 
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Example: learning the AND 

y=0 

x2=1 

x1=1 

1 
W = 0.25 

W = 0.25 

W = 0.25 

   AND 
A B  Output 
0 0     0 
0 1     0 
1 0     0 
1 1     1 

t = 1 

error = 1 
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Example: learning the AND 

y=1 

x2=0 

x1=1 

1 
W = 0.25 

W = 0.25 

W = 0.25 

   AND 
A B  Output 
0 0     0 
0 1     0 
1 0     0 
1 1     1 

t = 0 

error = -1 
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Example: learning the AND 

y=1 

x2=0 

x1=1 

1 
W = 0 

W = 0.25 

W = 0 

   AND 
A B  Output 
0 0     0 
0 1     0 
1 0     0 
1 1     1 

t = 0 

error = -1 
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Example: learning the AND 

y=1 

x2=1 

x1=0 

1 
W = 0 

W = 0.25 

W = 0 

   AND 
A B  Output 
0 0     0 
0 1     0 
1 0     0 
1 1     1 

t = 0 

error = -1 
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Example: learning the AND 

y=1 

x2=1 

x1=0 

1 
W = -0.25 

W = 0 

W = 0 

   AND 
A B  Output 
0 0     0 
0 1     0 
1 0     0 
1 1     1 

t = 0 

error = -1 
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Example: learning the AND 

y=1 

x2=1 

x1=0 

1 
W = -0.25 

W = 0 

W = 0 

   AND 
A B  Output 
0 0     0 
0 1     0 
1 0     0 
1 1     1 

t = 0 

error = -1 

… and so on and so forth …  
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Example: learning the AND 

y 

x2 

x1 

1 
W = -0.25 

W = 0.25 

W = 0.25 

   AND 
A B  Output 
0 0     0 
0 1     0 
1 0     0 
1 1     1 



Decision Boundary of a Perceptron 

•  Perceptron is doing something similar to linear discriminant analysis, 
binomial regression (or Bayes classification when the distributions are 
gaussian) 
•  Decision boundary is a hyperplane when more than 2 inputs 

- 

- - 

+ 

x1 

x2 

x1 AND x2 

Linearly separable 

+ 

+ - 

+ 

x1 

x2 

x1 OR x2 
+ 

- + 

+ 

x1 

x2 

x1 # x2 

X1 

X2 
A 

B 

A 

A 

A 
A 

A A 

B 

B 
B 

B 
B 
B 

B 



Generalization: Multiple outputs 

•  similar multinomial LDA or multinomial regression 



Minsky & Papert (1969) 

•  Presented a formal analysis of the 
properties of perceptrons and revealed 
several fundamental limitations.  

•  Limitations 
– Can’t learn nonlinearly separable problems like the 

XOR 	

– More…	




Decision Boundary of a Perceptron 

+ 

+ - 

- 

x1 

x2 

Non-Linearly separable 

Linearly separable 

x1 XOR x2 

‐ 

‐ ‐ 

+ 

x1 

x2 

x1 AND x2 

+ 

‐ + 

+ 

x1 

x2 

x1  x2 

+ 

+ ‐ 

+ 

x1 

x2 

x1 OR x2 

X1 

X2 

A 

B 

A 

A 

A 
A 

A 
A 

B 

B 

B 

B 

B 

B 

B 
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Minsky & Papert cont. 

•  Limitations 
– So….can’t learn nonlinearly separable problems 

like the XOR 	

– Although including “hidden layers” allows one to 

hand-design a network that can represent XOR and 
related problems, they showed that the perceptron 
learning rule can’t learn the required weights.	


– They also showed that even those functions that 
can be learned by perceptron rule learning may 
require huge amounts of learning time 



Consequences of  
Minsky & Papert’s analysis 

•  nearly caused the death of this field.   
•  Subsequent research was not mainstream 



The revival: the 80s 

•  multilayered feedforward networks 
– Generalization of the Delta Rule: 

backpropagation of error 
–  learning of distributed representations 

•  Symmetric recurrent networks 
– winner take all 
– autoassociation 

Rumelhart, David E.; Hinton, Geoffrey E., Williams, Ronald J. (1986). 
"Learning representations by back-propagating errors". Nature 323. 
Rumelhart, D.E., J.L. McClelland and the PDP Research Group (1986). 
Parallel Distributed Processing: Explorations in the Microstructure of 
Cognition. Volume 1: Foundations, Cambridge, MA: MIT Press 
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The revival I: the Multi-Layer Perceptron 

input layer 

hidden layer 

output layer 
Activation functions 

step function 

sigmoid function 



The backpropagation learning rule (I) 

input layer 

hidden layer 

output layer 

o1   o2   o3 

t1   t2     t3 

ei =(ti-oi) 
Δwij= oi(1-oi) η 
ei.hj  

#    e1 e2 e3  output 
target 

error 

weights: wij 

 h1   h2    h3                                                 hn hidden output 

Bryson,A.E, Ho, Y.-C. (1969). Applied optimal control: optimization, 
estimation, and control.  



The backpropagation learning rule (II) 

input layer 

hidden layer 

output layer 

e’j =Σi wij ei 
Δw’jk= hi(1-hi) η e’j.xk  

 h1   h2    h3                                                 hn hidden output 

weights: w’jk 

input 
 x1   x2    x3                                                                              xp 

backpropagatin
g the error ei 
(through the 
weights wij)  
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Expressive Capabilities of MLP 

Boolean functions 
•  Every boolean function can be represented by network 

with single hidden layer 
•  But might require exponential (in number of inputs) hidden 

units 

Continuous functions 
•  Every bounded continuous function can be approximated 

with arbitrarily small error, by network with one hidden 
layer [Cybenko 1989, Hornik 1989] 

•  Any function can be approximated to arbitrary accuracy by 
a network with two hidden layers [Cybenko 1988] 



Different Non-Linearly 
Separable Problems 

Structure 
Types of 

Decision Regions 
Exclusive-OR 

Problem 
Classes with 

Meshed regions 
Most General 

Region Shapes 

Single-Layer 

Two-Layer 

Three-Layer 

Half Plane 
Bounded By 
Hyperplane 

Convex Open 
Or 

Closed Regions 

Arbitrary 
(Complexity 

Limited by No. 
of Nodes) 

A 

A B 

B 

A 

A B 

B 

A 

A B 

B 

B 
A 

B 
A 

B 
A 
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Example: Neural network for 
OCR 

•  feedforward 
network 

•  trained using 
Back- propagation  



Example: ALVINN 
Drives 70 mph on a public highway 

30x32 pixels 
as inputs 

30 outputs 
for steering 

30x32 weights 
into one out of 
four hidden 
unit 

4 hidden 
units 

https://www.youtube.com/watch?v=Rq_kBl0UZmY 



http://cs.stanford.edu/people/karpathy/
convnetjs/demo/classify2d.html 





Current trends 

•  very deep hierarchical 
networks 
–  trained in a heavily 

supervised fashion 
– but, seem to correlate 

with human performance 
and monkey IT neurons 

Yamins et al (2014) Proc. Natl. Acad. 
Sci. U.S.A. 

Google net,  
Szegedy et al, 2014 

1000 categories 
100.000 test 
1M training 
Google net: 6.67% error 
Humans: 5% 





The revival II: Symmetric dynamical 
networks 

x 

a 
y yt+1=a.yt+xt 

discrete dynamical system: Yt+1= F (Yt) 
where Yt is the state of the system at time t 

eg: a single neuron 

very different behaviors as a function  
of the value of a  

 a=1: memory 
 0<a<1: leaky integration 
 a=-1: oscillator 
 -1<a<0: damped oscillator   



‐1 

0 

1 

2 

1  3  5  7  9  11  13  15  17  19  21  23  25 

a=1 

Input 

Output 

yt+1=a.yt+xt 

# memory, integrator (counter) 

t Input (Xt) Output (Yt+1)

1 0 0

2 0 0

3 0 0

4 1 1

5 0 1

6 0 1

7 0 1

8 0 1

9 0.5 1.5

10 0 1.5

11 0 1.5



yt+1=a.yt+xt 

# leaky integrator 
# attractors (depending on input x/(1-
a))  ‐1 

0 

1 

2 

1  3  5  7  9  11  13  15  17  19  21  23  25 

a=.7 

Input 

Output 

‐1 

0 

1 

2 

1  3  5  7  9  11  13  15  17  19  21  23  25 

a=0 

Input 

Output  # copy (identity) operation 



‐2 

‐1 

0 

1 

2 

1  3  5  7  9  11  13  15  17  19  21  23  25 

a=‐1 

Input 

Output 

yt+1=a.yt+xt 

# oscillator 

# epileptic oscillator 

‐1 

0 

1 

2 

1  3  5  7  9  11  13  15  17  19  21  23  25 

a=2 

Input 

Output 

‐1 

‐0.5 

0 

0.5 

1 

1  3  5  7  9  11  13  15  17  19  21  23  25 

a=‐.8 

Input 

Output 

# damped oscillator 

‐1 

0 

1 

2 

1  3  5  7  9  11  13  15  17  19  21  23  25 

a=‐2 

Input 

Output 

# saturating memory 



•  A very simple example: a winner-take all 
network 

•  at each step:  
–  compute the total input for all units 
–  compute the output for all units 
–  iterate 

The revival II: Symmetric dynamical 
networks 

inhibitory weights 

excitatory weights 

inputs behaviors:  
 memorise 
 compute the max 



•  Boltzman machine (Hinton & Sejnovsky, 1983) 
–  neurons: binary (-1, 1) 
–  network: symmetric weights 
–  update: stochastic (1 with probability 1/ (1+e-sum(inputs)) 
–  dynamics: global energy minimization, basins of attraction 
–  learning rule: tries to reproduce the distribution of its inputs 

(stochastically learns the basins of attraction)  
•  Hopfield network (Hopfield 1982) 

–  deterministic variant (‘temperature’=0) 
–  learning rule becomes Hebb Rule. 
–  performs pattern completion, content-addressable memory 

The revival II: Symmetric dynamical networks 



•  Basic mechanisms 
–  feature discovery and 

competitive learning 
–  dynamical system and 

harmony theory 
–  learning in Bolzmann 

machines 
–  internal representation 

through 
backpropagation 

•  Formal analysis 
–  linear algebra 
–  activation functions 
–  delta rule 

The revival III: McClelland & Rumelhart’s 
(1986) Parallel Distributed Processing 

•  Psychological Applications 
–  schemata and sequential through 

processes 
–  speech perception (TRACE) 
–  blackboard model of reading 
–  learning and memory 
–  learning past tense of english 

verbs 
–  sentence processing: assigning 

roles to constituents 
•  Biological mechanisms 

–  anatomy of cortex 
–  place recognition and goal location 
–  neural plasticity and critical period 
–  amnesia and distributed memory 



Applications: early models of lexical access 

•  Morton (1969) Logogen theory 
•  Forster (1976) Serial search 

Morton, J. (1969). Interaction of information in word recognition. 
Psychological Review 76(2). 165-178.  

Forster, K. I. (1976). Accessing the mental lexicon. In , New 
approaches to language mechanisms. Amsterdam: North-Holland.  



a new PDP model 
•  Elman & McClelland (1986) 

Lexical access and the phonology of morphologically complex words 

Zuraw, Winter 2011  10 

6 TRACE model (McClelland & Elman 1986) 

Discussion here based mainly on McClelland, Mirman, & Holt 2006, because it’s more recent.  
 
(22) The model 

(McClelland & al. 2006, p. 365) 
 
• Connections with arrows are excitatory 
• Connections with circles are inhibitory (competing units) 
• Connections are all bidirectional ! interaction (recall Dell vs. Levelt for production). So 

let’s look at the evidence for that... 
 

© Matthew W. Crocker Introduction to Psycholinguistics

TRACE simulations

Simulation conducted with 230+38=268 words:

• Each input word was run for 90 cycles

• New phonemes introduced every 6 cycles

• Input for each successive phoneme active for 11 cycles

TRACE activations converted to fixation probabilities:

• Based on the Luce Choice Rule

• 1 cycle = 11ms of “real time”

• 200ms delay to launch saccade

21

© Matthew W. Crocker Introduction to Psycholinguistics 22

TRACE predictions, Allopenna et al. (1998)

Allopena et al (1998) 



The revival III: McClelland & Rumelhart’s 
(1986) Parallel Distributed Processing 

•  Cognition involves the spreading of activation, relaxation, 
statistical correlation.	


•  Represents a method for how symbolic systems might be 
implemented	

–  Hypothesized that apparently symbolic processing is an 

emergent property of subsymbolic operations.	

•  Advantages	


–  Fault tolerance & graceful degradation	

–  Can be used to model learning	

–  More naturally capture nonlinear relationships	

–  Fuzzy information retrieval	

–  bridges the gap with real neural processing	




The critique: Pinker & Mehler 
(1988) 

•  Lachter & Bever: connectionist theories are a 
return to associationism (Chomsky vs Skinner 
revisited)  

•  Pinker & Prince: connectionist models of the 
capacity to derive the past tense of English 
verbs is inadequate 
–  rules: wug # wugged 
–  exceptions: put -> put, go->went, dig->dug 

•  Fodor & Pylyshyn: connectionnist theories are 
inadequate models of language and thought 
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of the phenomenon , such as the change in error type in later phases of
development and the change in differences in error patterns observed
for different types of words.

We were not prepared to produce a full-blown language processor
that would learn the past tense from full sentences heard in everyday
experience. Rather , we have explored a very simple past-tense learning

environment designed to capture the essential characteristics necessary
to produce the three stages of acquisition. In this environment, the
model is presented, as learning experiences , with pairs of inputs-one
capturing the phonological structure of the root form of a word and the
other capturing the phonological structure of the correct past-tense ver-

sion of that word. The behavior of the model can be tested by giving it
just the root form of a word and examining what it generates as its
current guess " of the corresponding past-tense form.

Structure of the Model

The basic structure of the model is illustrated in Figure 1. The
model consists of two basic parts: (a) a simple pattern associator net-
work similar to those studied by Kohonen (I 977; 1984; see Chapter 2)
which learns the relationships between the base form and the past-tense

Fixed

Encoding
Network

Pattern Associator
Modifiable Connections

DecodinglBinding

Network

Phonological

representation
of root form

Phonological
representation
of past tenseWickelfeature

representation
of root form

Wickelfeature
representation
01 past tense

FIGURE 1. The basic structure of the model.

Rumelhart & McClelland (1986) 
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to relative response probabilities, though we imagine that the actual

generation of overt responses is accomplished by a different version of
the binding network , described below. In any case , the total strength of
all the alternatives cannot be greater than 1 , and if a number of
features are accounted for by none of the alternatives, the total will be

less than 1.

Figure 5 compares the response strengths for the correct alternative
to the combined strength of the regularized alternatives. 4 Note in the

figure that during the first 10 trials the response strength of the correct
alternative grows rapidly to over .5 while that of the regularized alterna-
tive drops from about .2 to. 1. After the midfrequency verbs are intro-
duced, the response strength for the correct alternative drops rapidly
while the strengths of regularized alternatives jump up. From about
Trials 11 through 30, the regularized alternatives together are stronger

than the correct response. After about Trial 30, the strength of the

correct response again exceeds the regularized alternatives and contin-
ues to grow throughout the 200- trial learning phase. By the end, the

correct response is much the strongest with all other alternatives
below .

..c::
+-I

!::

1-0
+-I
CfJ

11)

!::

11)

Ct::

Correct

80 120

Trials
160 200

FIGURE 5. Response strengths for the high-frequency irregular verbs. The response
strengths for the correct responses are compared with those for the regularized alterna-
tives as a function of trials.

4 Unless otherwise indicated. the regularized alternatives are considered the base+ed

and past +ed alternatives. In a later section of the paper we shall discuss' the pattern 
differences between these alternatives. In most cases the base+ed alternative is much
stronger than the past +ed alternative.
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1-0

::s
+-I

rz..
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Trials
160 200

FIGURE 4. The percentage of correct features for regular and irregular high- frequency
verbs as a function of trials.

Equality of performance between regular and irregular verbs is never
again attained during the training period. This is the so-called U-
shaped learning curve for the learning of the irregular past tense. Per-
formance is high when only a few high- frequency, largely irregular
verbs are learned , but then drops as the bulk of lower-frequency regular
verbs are being learned.

We have thus far only shown that performance on high-frequency
irregular verbs drops; we have not said anything about the nature of the
errors. To examine this question , the response strength of various pos-
sible response alternatives must be compared. To do this , we compared
the strength of response for several different response alternatives. We
compared strengths for the correct past tense, the present , the base+ed
and the past +ed. Thus , for example with the verb give we compared

the response strength of /gAV/, /giv/, /givd/, and /gAvd/. We deter-
mined the response strengths by assuming that these response alterna-
tives were competing to account for the features that were actually

turned on in the output. The details of the competition mechanism
called a binding network are described in the Appendix. For present
purposes, suffice it to say that each alternative gets a score that
represents the percentage of the total features that it accounts for. If
two alternatives both account for a given feature, they divide the score
for that feature in proportion to the number of features each accounts
for uniquely. We take these response strengths to correspond roughly

walk walked 



The critique: Pinker & Mehler 
(1988) 

•  Lachter & Bever: connectionist theories are a 
return to associationism (Chomsky vs Skinner 
revisited)  

•  Pinker & Prince: connectionist models of the 
capacity to derive the past tense of English 
verbs is inadequate 
–  rules: wug # wugged 
–  exceptions: put -> put, go->went, dig->dug 

•  Fodor & Pylyshyn: connectionnist theories are 
inadequate models of language and thought 



Fodor & Pylyshyn 
•  Position of the problem: classical theories vs connectionnism 

–  Agree:  
•  both classical theories & connectionism are representationalists (they assign some ‘meaning’ 

to the elements – symbols or nodes) 
–  Disagree 

•  classical theory encode structural relationships and processes (eg, constituents, variables, 
rules) 

•  connectionnists only encore causal relationships and processes (x causes y to fire)  
•  Arguments against connectionnist systems: mental representation and 

processes are structure sensitive 
–  combinatorial semantics 

•  semantics of « J. loves M. » derived from semantics of « J. », « loves » and « M. » 
–  productivity 

•  the list of thoughts/sentences is not finite (I can construct new thoughts with old ones) 
–  systematicity 

•  I construct them in a systematic way  
•  eg: « x loves M. » (where x can be any proper noun)  
•  eg: If I can think « J. loves M. », I can think « M. loves J. » 

–  recursivity & constituent structure:  
•  If I can think « P. thinks that M. is nice » I can think « J thinks that P thinks that M is nice » 

-> connectionist systems have none of the above properties 



Fodor & Pylyshyn (cont) 
•  Objections to symbolic/classical systems 

–  rapidity of cognitive processes/neural speed 
–  difficulty of pattern recognition/content based retrieval in conventional 

architectures 
–  committed to rule vs exception dichotomy 
–  inadaquate for intuitive /nonverbal behavior 
–  acutely sensitive to damage/noise (vs graceful degradation) 
–  storage in classical systems is passive 
–  inadaquate account of gradual/frequency based application of rules 
–  inadequate account of nondeterminism 
–  no account of neuroscience 
# none of these arguments are valid or relevant 

•  CONCLUSIONS 
1.  current connectionist theories are inadequate 
2.  if they were to be made adequate they  would be mere 

implementation of classical architecture 



in brief 

•  The Fodor & Pylyshyn challenge:  
–  (current) connectionist architectures fail to 

capture complex behaviors 
–  (future) connectionist architectures are ‘mere’ 

implementation of symbolic architectures 



Elman 

•  structure of the paper 
–  representing time 
– SRN architecture 
– xor through time 
– badiiguuu 
– word segmentation (15 words) 
– part of speech (13 categories, 29 words, 15 

sentence templates) 
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OUTPUT UNITS 

I 1 

HIDDEN UNITS 

INPUT UNITS CONTEXT UNITS 

Figure 2. A simple recurrent network in which octivotions ore copied from hidden layer to 

context layer on a one-for-one basis, with fixed weight of 1 .O. Dotted lines represent train- 

able connections. 

input, and also the previous internal state of some desired output. Because 
the patterns on the hidden units are saved as context, the hidden units must 
accomplish this mapping and at the same time develop representations which 
are useful encodings of the temporal properties of the sequential input. 
Thus, the internal representations that develop are sensitive to temporal 
context; the effect of time is implicit in these internal states. Note, however, 
that these representations of temporal context need not be literal. They rep- 
resent a memory which is highly task- and stimulus-dependent. 

Backprop applied  EMAN 

LO.-ASS 

VERBS 
DO.OPT - 

DQOBLIG 

ANIMALS 

ANIMATES 

HUMAN 

NOUNS 

‘-Isi BREAKABLES 

I I I I I 

2.0 1.5 1.0 0.0 -0.5 

Figure 7. Hierarchical cluster diagram of hidden unit activation vectors in simple sentence 

prediction task. labels indicate the inputs which produced the hidden unit vectors: inputs 

were presented in context, and the hidden unit vectors averaged across multiple contexts. 

Several points should be emphasized. First, the category structure appears 
to be hierarchical. Thus, “dragons” are large animals, but also members of 
the class of [ - human, + animate] nouns. The hierarchical interpretation is 
achieved through the way in which the spatial relations (of the representa- 
tions) are organized. Representations that are near one another in the repre- 
sentational space form classes, while higher level categories correspond to 
larger and more general regions of this space. 

Second, it is also true that the hierarchy is “soft” and implicit. While 
some categories may be qualitatively distinct (i.e., very far from each other 



•  extensions of Elman’s SRN 
– computational capacity of SRN 

•  Servan-Schreiber, D., Cleeremans, A., & McClelland, J.L. (1988). Encoding sequential 
structure in simple recurrent networks (CMU Tech. Rep. No. CMU-CS-88-183). 
Pittsburgh, PA: Carnegie-Mellon University, Computer Science Department. 

•  Lawrence, S., Giles, C. L., & Fong, S. (2000). Natural language grammatical inference 
with recurrent neural networks. IEEE Transactions on Knowledge and Data 
Engineering , 12(1), 126–140.   

•  Pollack, J. B. (1991). The induction of dynamical recognizers. Machine Learning , 7(2–
3), 227–252. R 

•  Rodriguez, P. (2001). Simple recurrent networks learn context-free and context-
sensitive languages by counting. Neural Computation, 13(9).  

–  reservoir computing 
•  http://reservoir-computing.org  
•  Jaeger H (2007) Echo state network. Scholarpedia 2(9):

2330. http://www.scholarpedia.org/article/Echo_state_network  

Künstl Intell

Fig. 1 The difference between a full gradient descent training of RNN
(A) and the ESN training (B)

2 The Basic ESN Approach

Here are the update equations of a typical RNN used in ML
with leaky-integrated discrete-time continuous-value units:

x̃(n) = tanh
!
Win"1;u(n)

#
+ Wx(n − 1)

$
, (1)

x(n) = (1 − α)x(n − 1) + αx̃(n), (2)

where n is discrete time, u(n) ∈ RNu is the input signal,
x(n) ∈ RNx is a vector of reservoir neuron activations and
x̃(n) ∈ RNx is its update, all at time step n, tanh(·) is applied
element-wise, [·; ·] stands for a vertical vector concatena-
tion, Win and W are the input and recurrent weight matrices
respectively, and α ∈ (0,1] is the leaking rate. The model is
also frequently used without the leaky integration, which is a
special case obtained by setting α = 1 and thus x̃(n) ≡ x(n).
The linear readout layer is defined as

y(n) = Wout"1;u(n);x(n)
#
, (3)

where y(n) ∈ RNy is network output, and Wout the output
weight matrix. An additional nonlinearity can be applied
to y(n) in (3), as well as feedback connections Wfb from
y(n − 1) to x̃(n) in (1).

The original method of RC introduced with ESNs [19] is
to:

– generate a large random reservoir (Win,W,α);
– run it using the training input u(n) and collect the corre-

sponding reservoir activation states x(n);
– compute the linear readout weights Wout from the reser-

voir using linear regression, minimizing the mean square
error of the network output w.r.t. the training target signal
ytarget(n);

– use the trained network on new input data u(n) by com-
puting y(n) employing the trained output weights Wout.

Let us look at these steps in more detail.
For the approach to work, the reservoir must possess the

echo state property, which can roughly be described as fad-
ing memory of the input: trajectories of the reservoir state
should converge given the same input, irrespective of the
previous history. This is typically ensured by appropriately
scaling recurrent connection weights W [19]. A few other
parameters, most importantly the input weight Win scaling

and leaking rate α, should also be adjusted for an optimal
validation performance in a given task.

While running the generated model with training data,
the vectors [1;u(n);x(n)] as in (3) are collected into a ma-
trix X and the desired teacher targets ytarget(n) into a ma-
trix Ytarget, both having a column for every training time
step n. The training is typically done by computing the out-
put weights via ridge regression

Wout = YtargetXT!
XXT + γ 2I

$−1
, (4)

where I is the identity matrix and γ is a regularization
parameter. For optimal results γ should also be selected
through validation; note that the network needs no rerunning
with a different γ to recompute Wout. By avoiding training
of RNN connections W, the learning is done in a single pass
through training data and the optimal output weights Wout

are computed with a high precision using a closed-form so-
lution (4). This also enables a practical use of reservoirs
with size of thousands or even tens of thousands of units on
contemporary computers [46]. Also note, that YtargetXT and
XXT in (4) can be computed incrementally and stored in the
memory, instead of Ytarget and X, for arbitrary long train-
ing data sequences. Alternatively, Wout can be continuously
adapted by an online learning algorithm [19].

Such simple and efficient RNN training was demon-
strated to outperform fully-trained RNNs in many bench-
mark tasks, e.g., [17, 22, 23, 46, 50]. Some examples of ap-
plications are presented in Sect. 7.

3 Perspectives on RC

The principles of RC can be perceived from several different
perspectives.

There are certain parallels between RC and kernel meth-
ods in ML. The reservoir can be seen as a nonlinear high-
dimensional expansion x(n) of the input signal u(n). For
classification tasks, input data u(n) which are not linearly
separable in the original space RNu , often become linearly
separable in the expanded space RNx of x(n) where they are
separated by Wout. At the same time, the reservoir serves
as a memory, providing the temporal context. The “kernel
trick” is typically not used in RC, however it is possible to
do so by defining recursive temporal context-sensitive ker-
nels that integrate over a continuum of Win and W, which
can be used as in regular Support Vector Machines (SVMs),
but for sequence data [13]. SVM-style readouts can also be
trained from the reservoirs [41].

The separation between the fixed reservoir and the adap-
tive readout can also be arrived at when analyzing the dy-
namics of a full gradient descent RNN training, and optimiz-
ing it. In an efficient version of gradient descent RNN train-
ing introduced by Atiya and Parlos [1] the output weights
Wout are adapted much more than W and Win [38], which



•  structure of Smolensky 
–  representing structures by fillers and roles 

•  examples: trees, lists, etc 
–  tensor products and filler/role binding (definition) 

•  local, semilocal and distributed 
–  unbinding (exact and selfadressed) 
–  capacity and graceful saturation 
–  continuous and infinite structures 
–  binding and unbinding networks 
–  analogy between binding units and hebb weights 
–  example of a stack 
–  structured roles  



the Smolensky response: tensor products 

Paul loves Mary-> loves(Paul,Mary) 
 pred=loves, arg1=Paul, arg2=Mary 
 pred*loves+arg1*Paul+arg2*Mary 

pred 

Paul loves Mary 

arg1 

arg2 

pred 

Paul loves Mary 

arg1 

arg2 

Paul loves Mary  
Mary is loved by Paul 

Mary loves Paul  
Paul is loved by Mary 

#Problem of tensor product representations: exponential with sentence complexity 
Smolensky, P. (1990). Tensor product variable binding and the representation of symbolic 
structure in connectionnist systems. Artificial Intelligence, 46, 159-216. 



•  extensions:  
–  implementation of a phonological theory 

(Optimality Theory) in a tensor product 
network with energy relaxation 
•  see the Harmonic Mind (Smolensky & Legendre) 

– Escaping the explosion in nb of neurons: 
holographic reduced representations 
•  define A * B as an operation that preserves the 

dimensions (eg xor, circular convolution) 



Conclusions 

•  What about the F&P Challenge? 
–  tensor products are an interesting 

implementation/alternative to symbolic 
systems 

–  recurrent networks could also be an 
alternative, but much less understood 

•  The hidden debate 
–  innate vs learner structures (to be 

continued…) 



Conclusions 

•  empirical impact of the 
debate 
– past tense in English 

•  rule: play->played, fax->faxed 
•  exceptions: sing->sang, put-

>put 
•  Pinker & Prince (1988) 
•  procedural vs declarative 

memory (Ullman et al, 1997; 
Pinker & Ullman, 2002)  

The WR theory contrasts with classical theories of
generative phonology and their descendents, such as
those of Chomsky and Halle [15–17], which generate
irregular forms by affixing an abstract morpheme to
the stem and applying rules that alter the stem’s
phonological composition. Such theories are designed
to account for the fact that most irregular forms are
not completely arbitrary but fall into families
displaying patterns, as in ring-rang, sink-sank,
sit-sat, and feel-felt, sleep-slept, bleed-bled. A problem
for this view is that irregular families admit
numerous positive and negative counterexamples
and borderline cases, so any set of rules will be
complex and laden with exceptions, unless it posits
implausibly abstract underlying representations
(e.g. rin for run, which allows the verb to undergo the
same rules as sing-sang-sung).

The theory also contrasts with the
Rumelhart–McClelland model (RMM) and other
connectionist models that posit a single pattern
associator, with neither lexical entries nor a

combinatorial apparatus [1,18,19]. The key to 
these pattern associators is that rather than linking
a word to a word stored in memory, they link sounds
to sounds. Because similar words share sounds, 
their representations are partly superimposed, and
any association formed to one is automatically
generalized to the others. This allows such models 
to acquire families of similar forms more easily 
than arbitrary sets, and to generalize the patterns 
to new similar words. Having been trained on
fling-flung and cling-clung, they may generalize 
to spling-splung (as children and adults 
occasionally do [20,21]); and having been trained 
on flip-flipped and clip-clipped, they generalize 
to plip plipped.

WR is descended from a third approach: the
lexicalist theories of Jackendoff, Lieber, and others,
who recognized that many morphological
phenomena are neither arbitrary lists nor fully
systematic and productive [22–25]. They posited
‘lexical redundancy rules’, which do not freely
generate new forms but merely capture patterns of
redundancy in the lexicon, and allow sporadic
generalization by analogy. Pinker and Prince
proposed that lexical redundancy rules are not 
rules at all, but consequences of the superpositional
nature of memory: similar items are easier to learn
than arbitrary sets, and new items resembling old
ones tend to inherit their properties. They argued
that RMM’s successes came from implementing 
this feature of memory, and proposed the WR theory
as a lexicalist compromise between the generative
and connectionist extremes. Irregulars are stored 
in a lexicon with the superpositional property of
pattern associators; regulars can be generated or
parsed by rules.

Ullman and colleagues have recently extended the
WR theory to a hypothesis about the neurocognitive
substrate of lexicon and grammar. According to the
Declarative/Procedural (DP) hypothesis [5,26], lexical
memory is a subdivision of declarative memory, which
stores facts, events and arbitrary relations [27,28].
The consolidation of new declarative memories
requires medial-temporal lobe structures, in
particular the hippocampus. Long-term retention
depends largely on neocortex, especially temporal 
and temporo-parietal regions; other structures are
important for actively retrieving and searching for
these memories. Grammatical processing, by
contrast, depends on the procedural system, which
underlies the learning and control of motor and
cognitive skills, particularly those involving
sequences [27,28]. It is subserved by the basal
ganglia, and by the frontal cortex to which they
project – in the case of language, particularly Broca’s
area and neighboring anterior cortical regions.
Irregular forms must be stored in the lexical portion
of declarative memory; regular past-tense forms can
be computed in the grammatical portion of the
procedural system.
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Word stem (e.g. walk or hold)

Grammatical feature (e.g. past tense)

Lexicon

V

walk

Grammar

suffix

-edpast

V

walk

suffix

-edpast

V

V V

hold

V
X suffix

X

heldpast

heldpast

Used for:

Form of
computation:

Subdivision of:

Associated
with:

Principal
substrate:

roots, idioms, irregulars,
some regulars

lookup, association

declarative memory

words, facts

temporo-parietal cortex

phrases, sentences, any
regular form

combination, unification

procedural system

rules, skills

frontal cortex, basal ganglia

Fig. 1. S imp lified illustration of the Words-and-Ru les (WR) theory and the Declarative/Procedural
(DP) hypothesis. When a word must be inflected, the lexicon and gram mar are accessed in parallel. 
If an inflected form for a verb (V) exists in memory, as w ith irregu lars (e.g. held), it w ill be retrieved; 
a signal ind icating a match b locks the operation of the gram matical suffixation process v ia an
inh ib itory link from lexicon to gram mar, preventing the generation of ho lded. If no inflected form 
is matched, the gram matical processor concatenates the appropriate suffix w ith the stem ,
generating a regu lar form .

as the default), rarely analogize irregular patterns to
novel words (e.g. spling-splung), and are relatively
unimpaired at generating novel regular forms like
plammed [26,67,68]. Agrammatism, by contrast, 
is an impairment in producing fluent grammatical
sequences, and is associated with damage to anterior
perisylvian regions of the left hemisphere [69,70]. As
predicted, agrammatic patients show the opposite
pattern: more trouble inflecting regular than irregular
verbs, a lack of errors like swimmed, and great difficulty
suffixing novel words [26,67]. Similar effects have been
documented in reading aloud, writing to dictation,
repeating and judging words (even when controlling for
frequency and length) [67],and in a regular/irregular
contrast with Japanese-speaking patients [71].

The predicted double dissociation patterns are also
seen in a comparison of neurodegenerative diseases.
Alzheimer’s disease (AD) is marked by greater

degeneration of medial and neocortical temporal lobe
structures than of frontal cortex (particularly Broca’s
area) and the basal ganglia, and greater impairment
of lexical and conceptual knowledge than of motor
and cognitive skills, including aspects of grammatical
processing [72]. Parkinson’s disease (PD), associated
with basal ganglia degeneration, is marked by
greater impairment of motor and cognitive skills
(including grammatical processing) than use of words
and facts [72,73]. As predicted, AD patients have 
more trouble inflecting irregular than regular verbs,
are relatively unimpaired at suffixing novel words,
generate few irregular analogies for novel words, 
and produce over-regularization errors; PD patients
show the contrasting patterns [26,32]. Moreover, the
performance patterns correlate with the severity of
the associated processing impairments in the
two populations: anomia in AD, and right-side
hypokinesia (an index of left-hemisphere basal
ganglia degeneration) in PD [26,32].

Intriguingly, Huntington’s Disease (HD), caused
by degeneration of different basal ganglia structures,
results in disinhibition of the projected frontal areas,
leading to unsupressible movements [73]. When HD
patients inflect verbs, they show a third pattern:
producing extra suffixes for regular and novel words
like walkeded, plaggeded and dugged, but not
analogous errors on irregulars like dugug or keptet –
suggesting that these errors are instances of
unsuppressed regular suffixation [26,32].

Converging findings come from other
methodologies. In normal subjects, both regular 
and irregular inflected forms can prime their stems.
By hypothesis, a regular form is parsed into affix 
and stem (which primes itself); an irregular form is
associated with its stem, somewhat like semantic
priming. Patients with left inferior frontal damage do
not show regular priming (walked-walk), although
they retain irregular priming (found-find) and
semantic priming (swan-goose). A patient with
temporal-lobe damage showed the opposite pattern
[68,74,75]. In studies that have recorded event-
related potentials (ERPs) to printed words, when a
regular suffix is placed on an irregular word (e.g. the
German Muskels) or omitted where it is obligatory
(e.g. ‘Yesterday I walk’), the electrophysiological
response is similar to the Left Anterior Negativity
(LAN) commonly seen with syntactic violations.
When irregular inflection is illicitly applied (e.g. the
German Karusellen) or omitted (e.g. ‘Yesterday I dig’),
the response is a central negativity similar to the
N400 elicited by lexical anomalies, including
pronounceable non-words [40,76–79]. This suggests
that the brain processes regular forms like syntactic
combinations and irregular forms like words.

Double dissociations are difficult to explain in
pattern associators, because except for artificially
small networks, ‘lesioning’the networks hurts
irregular forms more than regular ones [80]. A recent
interesting model by Joanisse and Seidenberg
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Fig. 3. Dissociating regular and irregular processing in aphasia. (a) The approximate lesion sites of
patient FCL (red area, left anterior perisylvian regions), who had symptoms of agrammatism, and patient
JLU (green area, left temporo-parietal region), who had symptoms of anom ia. (b) Results of verb-
inflection tests showed that the agrammatic patient had more trouble inflecting regular verbs (lighter
bars) than irregular verbs (darker bars), whereas the anom ic patient had more trouble inflecting irregular
verbs – and overapplied the regular suffix to many of the irregulars (light green bar on top of dark green
bar). The performance of age- and education-matched control subjects is shown in the grey bars.
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Conclusions 
•  empirical impact of the debate (cont) 

– statistical learning vs algebraic learning in 
infants 

•  Saffran et al, (1996), Marcus et al, (1999), Pena et al 
(2002) 

– exemplar-based versus abstract 
representations 
•  object recognition (Biederman & Gerhardstein, 1993), 

face recognition, speech recognition (eg Goldinger, 
1988; Johnson 1997, Pierrehumbert 2001) 
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Benjamins. 
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Extensions 
•  computational reduction: finding the right 

architecture 
•  other connectionnist architectures 

– Kohonen’s maps (competitive learning) (Kohonen, 
1982)  

– Adaptive Resonance Theory (Grossberg, 1976) 
– Reinforcement learning (Barto, Sutton, Anderson, 1983) 

•  other computational frameworks 
– Probabilistic/Bayesian frameworks 
– Predictive Coding/Free Energy 



Papiers 
•  Fodor & Pylyshyn (1988) Connectionism and 

cognitive architecture: a critical analysis 
•  Elman (1990) Finding structure in time 
•  Smolensky (1990). Tensor product variable 

binding and the representation of symbolic 
structures in connectionist systems 

•  Marcus (1998). Rethinking eliminative 
connectionism 

•  McClelland (2009). The place of modeling in 
Cognitive Science 



Fodor & Pylyshyn 
•  Position of the problem: classical theories vs connectionnism 

–  Agree:  
•  both classical theories & connectionism are representationalists (they assign some ‘meaning’ 

to the elements – symbols or nodes) 
–  Disagree 

•  classical theory encode structural relationships and processes (eg, constituents, variables, 
rules) 

•  connectionnists only encore causal relationships and processes (x causes y to fire)  
•  Arguments against connectionnist systems: mental representation and 

processes are structure sensitive 
–  combinatorial semantics 

•  semantics of « J. loves M. » derived from semantics of « J. », « loves » and « M. » 
–  productivity 

•  the list of thoughts/sentences is not finite (I can construct new thoughts with old ones) 
–  systematicity 

•  I construct them in a systematic way  
•  eg: « x loves M. » (where x can be any proper noun)  
•  eg: If I can think « J. loves M. », I can think « M. loves J. » 

–  recursivity & constituent structure:  
•  If I can think « P. thinks that M. is nice » I can think « J thinks that P thinks that M is nice » 

-> connectionist systems have none of the above properties 



Fodor & Pylyshyn (cont) 
•  Objections to symbolic/classical systems 

–  rapidity of cognitive processes/neural speed 
–  difficulty of pattern recognition/content based retrieval in conventional 

architectures 
–  committed to rule vs exception dichotomy 
–  inadaquate for intuitive /nonverbal behavior 
–  acutely sensitive to damage/noise (vs graceful degradation) 
–  storage in classical systems is passive 
–  inadaquate account of gradual/frequency based application of rules 
–  inadequate account of nondeterminism 
–  no account of neuroscience 
# none of these arguments are valid or relevant 

•  CONCLUSIONS 
1.  current connectionist theories are inadequate 
2.  if they were to be made adequate they  would be mere 

implementation of classical architecture 



Questions 
•  les arguments de Fodor contre les modèles 

connectionnistes sont ils valides 

•  les réponses de Fodor aux arguments des 
connectionnistes sont elles pertinentes 

•  que penser de la première conclusion (les 
modèles connectionnistes sont inadéquats comme 
modèles de la pensée et du langage) 

•  que penser de la seconde conclusion (les modèles 
connectionnistes qui sont adéquats ne sont que 
des implémentations des modèles classiques) 
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